Fatigue cracks have been found to initiate and grow in the radial direction in many annulus shaped components in aging helicopters. Detection of such radial cracks using conventional ultrasonic imaging techniques is rather ineffective. Recently, it has been proposed [I] that guided ultrasonic waves that propagate in the circumferential direction may be used for the detection of radial fatigue cracks in weep holes in airframes. Before such guided waves can be used effectively for detecting radial cracks in annulus components, their generation and propagation must be understood. The physics and mechanics of the wave fields must be carefully examined.
INTRODUCTION
Fatigue cracks have been found to initiate and grow in the radial direction in many annulus shaped components in aging helicopters. Detection of such radial cracks using conventional ultrasonic imaging techniques is rather ineffective. Recently, it has been proposed [I] that guided ultrasonic waves that propagate in the circumferential direction may be used for the detection of radial fatigue cracks in weep holes in airframes. Before such guided waves can be used effectively for detecting radial cracks in annulus components, their generation and propagation must be understood. The physics and mechanics of the wave fields must be carefully examined.
A comprehensive review of studies on wave propagation in the axial direction of a cylinder can be found in [2] . A more recent work by Ditri and Rose [3] solved the problem of transient wave propagation in the axial direction of a hollow cylinder subjected to surface traction. The dispersion of elastic waves and Rayleigh-type waves in a thin disc was investigated by eerv [4] . Recently, Liu and Qu derived the dispersion equation for the time-harmonic circumferential waves in an annulus [5] . The displacement profiles across the thickness were analyzed for various modes. It was found that the first and second modes correspond to the surface Rayleigh wave propagating along outer and inner surfaces, respectively [6] . The other higher modes are truly propagating guided waves formed by the multiple reflection from both surfaces.
In this paper, transient circumferential waves in a 2-D circular annulus are considered. The outer surface of the annulus is subjected to a time-dependent impulse excitation. The guided circumferential waves induced by this impulse are investigated by using the method of eigenfunction expansion. The steady-state, time harmonic circumferential waves are solved first as the eigenfunctions. The time-dependent response of the annulus is then obtained by superimposing all eigenfunctions over all possible frequencies. Several numerical examples are given to illustrate the method of solution.
PROBLEM STATEMENT
Consider an annulus of inner radius a and outer radius b as shown in Fig. 1 . It is assumed that the material is linearly elastic and isotropic. For the two dimensional deformation studied here, assume that plane strain deformation in the annulus prevails. Therefore, in the polar coordinate system (r,O) shown in Fig. 1 , the displacement components in the annulus can be written as Then, the displacement equation of motion without body force is [7] 2-
where V denotes the annulus, C Land c r are the longitudinal and shear wave phase velocities, respectively.
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On the boundary of V, u must satisfy the following boundary conditions where n is the outward unit normal vector of the boundary, S is the boundary of V where the traction F is prescribed. Note that in (3), Vu is the gradient of a vector, which is a dyadic. The superscript T indicates the transpose.
If the domain V is at rest before the application of F, u must also satis fy the initial conditions at t = 0, i.e.,
_ au -
for all material points in V.
(4)
The above equations form a well-posed initial-boundary value problem for the displacement components U r and u o ' In the subsequent sections, this initial-boundary value problem will be solved to study the time-dependent guided waves that propagate in the circumferential direction of the annulus.
METHOD OF EIGENFUNCTION EXPANSION
In this section, the above equations will be solved by the method of eigenfunction expansion [8] [9] .
In [5] , the corresponding steady-state problem with homogeneous boundary conditions had been solved as an eigenvalue problem. The characteristic equation was solved to obtain the eigenvalues (fJ and eigenfunctions D for any given real value of the wavenumber. An example of the dispersion relationship between the circular frequency (fJ and the non-dimensional wavenumber k is shown in Fig.2 .
For the problem considered here in this paper, only the waves that have integer wavenumbers (free vibrational modes) are needed for the eigenfunction expansion method. Using the techniques described in [5] , one can compute the corresponding frequencies (fJnk for each integer k = 1,2,,,, . It has been shown that the eigenvalues (fJ~ are real and non-negative (10] . Furthermore, the linear differential operator L[] is selfadjoint under the traction-free boundary conditions [11] . Therefore, the eigenfunctions Dnk form an orthogonal set, i.e., In the above notions, the first subscribe is used to indicate the particular wave mode and the second subscribe is to indicate the discrete wavenumber. For example, Un.
represents the nth mode for the given wavenumber k. Thus, the principle of linear superposition means that the general expression of the nth mode can obtained by summing over all wavenumbers along that mode (the nth branch in Fig. 2 (8) (9) NUMERICAL EXAMPLES In this section, some numerical results will be presented. The values of the geometry and material parameters used in the computation are given in Table 1 . The extemalload is taken to be a concentrated force on the outer surface at e = eo, i.e., (10) where o(B) is the Dirac delta function, iii is the unit vector representing the direction of the force, iii = [-cos ¢, sin ¢ Y , and the time-dependent load amplitude f (t) is shown in Fig. 1 , which was measured directly from a 0.5 MHz PZT transducer.
Substitution of (10) into (8) yields, (11) o Thus, it follows from (7) that 
Finally, making use of (12) in (6) yields (13) where Mnk is given by (5) . In the case of the annulus considered here,
O).Unk(r,O)rd£KJr .
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To present the data in non-dimensional form, two parameters are chosen
where to = max~f(t)I}· These parameters are used to normalize the displacement and time shown in the following figures.
First, consider a concentrated force at (J = (Jo = 0 normal to the annulus surface, i.e., rp = O. The corresponding surface displacements at () = 90° are evaluated. Their total and first 9 modes of the radial and tangential displacement are shown in Fig. 3 . The wave field is dominated by the first mode and all the higher modes have relatively small amplitude. The arrival time of the first mode indicates that it travels at a speed slightly higher than that of the Rayleigh wave on a flat surface. Comparison of the waveforms between the incident wave and the first mode indicates that the first mode is almost nondispersive. This is consistent with the relatively linear relationship between the frequency and wavenumber as shown in Fig.2 .
The next example is for a concentrated force at e = eo = 0 with rp = 30°. Again, the corresponding surface displacements at 0 = 90° are evaluated. The total and first 9 modes of the radial and tangential displacement are shown in Fig. 4 . Surprisingly, there is very little difference between the normal and the inclined excitations. Not only are the waveforms the same for the lower modes, even the amplitudes of each individual mode are very similar. This seems to indicate that the response is not very sensitive to the direction of the load.
SUMMARY
In this paper, a general method of solution was described for obtaining the guided transient waves propagating in the circumferential direction of a circular annulus subjected to time-dependent surface traction. Several numerical examples were shown to illustrate the methodology. It was found that for detecting radial cracks on the inner wall, the second and third propagating wave modes are preferred. Further studies are needed to understand what incident angle and frequency should be used to generate particular propagation modes.
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